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INTRODUCTION
Let F be an algebraically closed field of characteristic p ) 0 and
w x Ž .g g F x, y, z be homogeneous of degree d ) 0. e s e g will denote then n
w x Ž q q q . nF-dimension of F x, y, z r x , y , z , q where q s p . In the language of
w x w x3 , n “ e is the Hilbert]Kunz function of the localization of F x, y, z rgn
Ž .at the height 2 prime x, y, z . For brevity we shall call n “ e then
w x 2 n Ž n.Hilbert]Kunz function of g. It follows from 3 that e s cp q O pn
Ž .for some positive real c s c g ; we shall call c the Hilbert]Kunz multiplic-
ity of g.
Ž .The natural question of how c g depends on the coefficients of g is
Ž . Ž .very hard. But when d F 3, c g and e g are completely known; inn
particular when d s 3 and g is smooth the work of Buchweitz and Chen
w x w x Ž .1 for odd p, and the author 4 for p s 2 shows that c g s 9r4, no
matter what the j-invariant of g is. But new phenomena appear when
d G 4. In each characteristic the ``generic'' form of degree d has c s 3dr4,
but larger values of c can occur, even when g is smooth.
w xIn this paper and its companion 5 we restrict our attention to p s 2
and d s 4, and to g with large linear automorphism groups. To be precise,
3 Ã ÃŽ .let V s F and x, y, z g V be the coordinate functions on V. Let S V s
w x Ž .F x, y, z be the algebra of polynomial functions on V. Then GL F acts3
Ã w xon V, and consequently on V and F x, y, z . Let G be a subgroup of
Ž . w xGL F , and g g F x, y, z be a form of degree 4; g is a G-quartic if3
g s s g for all s in G. We say that g is an S -quartic if it is a G-quartic4
for some G isomorphic to the symmetric group S . Call g nondegenerate4
Ž . Ž .if it has no linear factor. We shall determine c g and e g for alln
non-degenerate S -quartics.4
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Ž .First we'll show that the G ; GL F , isomorphic to S , fall in 23 4
conjugacy classes. A G in one of the classes is contained in the stabilizer
of a 1-dimensional subspace and will be called a ``point-S ''; a G in the4
other class stabilizes a 2-dimensional subspace and is a ``line-S .'' This4
w xpaper and 5 determine the Hilbert]Kunz functions of non-degenerate
``point-S quartics'' and ``line-S quartics,'' respectively. In each case, once4 4
G is fixed, the G-quartics form a 1-parameter family, and the variation of
the Hilbert]Kunz function with the parameter turns out to be extremely
interesting.
In Section 1 we shall fix a particular point-S G, and show that each4
non-degenerate G-quartic is a constant multiple of g s a x 2 y2 q P wherea
4 2 Ž 3 3.a / 0 is in F, and P s z q xyz q x q y z. So the question is that of
Ž .determining e g , and the answer is given by:n a
2 Ž .THEOREM. Let g s g . Write a s l q l and let m s m a be thea
Ždegree of l o¤er Zr2. When a is algebraic o¤er Zr2, 2 F m - ‘; when a is
.transcendental, m s ‘. Then:
Ž . Ž . n1 For 1 F n F m, e g s 3 ? 4 y 4.n
Ž . Ž . n nym Ž .2 For n ) m, e g s 3 ? 4 q 4 , and in particular c g s 3 qn
4ym .
Remark. The above result is surprising}while the ``generic'' G-quartic
has c s 3, all special G-quartics have c ) 3.
1
Ž .LEMMA 1.1. Let G be a subgroup of GL F isomorphic to the dihedral3
group D . Then G is conjugate to the group of upper triangular matrices in4
Ž .GL Zr2 .3
² : y1 2Proof. G s r, s where r has order 4, sr s r s , and s s I. We
may assume that r is in Jordan canonical form,
1 1 0
.0 1 1ž /0 0 1
Then
1 b c
s s 0 1 b q 1ž /0 0 1
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with b2 s b, and conjugation by
1 c 0
0 1 cž /0 0 1
takes G to the desired group.
Ž .LEMMA 1.2. Let G be a subgroup of GL F isomorphic to S . Then G is3 4
Ž .conjugate to the subgroup of GL Zr2 fixing a point, or the subgroup of3
Ž . Ž Ž .3GL Zr2 fixing a line in the projectification of Zr2 , a 7 point projecti¤e3
.plane .
Proof. Lemma 1.1 applied to a D ; G allows us to assume that G4
contains
1 1 0 1 1 0
r s and s s .0 1 1 0 1 0ž / ž /0 0 1 0 0 1
² 2: ² 2:The order 4 normal subgroup of G is then either s , r or rs , r . In
Ž .the first case G is generated by r, s , and some t of order 3 with
2 Ž .2ts s r t and tr s I. The first condition tells us that
a b c
0 e ft s  00 a 0
and the second that a s e s f s 1 while b s c. Conjugation by
1 0 c
0 1 0ž /0 0 1
then takes t into
1 0 0
0 1 1ž /0 1 0
Ž .and G into the subgroup of GL Zr2 stabilizing the point . In the3 Ž* 0 0.
Ž . 2second case G is generated by r, s , and t with t rs s r t , and
Ž .2tr s I. The first condition tells us that
a b c
d 0 ft s , 00 0 b
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and the second that a s b s c s d s 1. Conjugation by the matrix
1 0 f
0 1 0 00 0 1
then takes t into
1 1 1
1 0 0ž /0 0 1
Ž .and G into the subgroup of GL Zr2 stabilizing the line .3 Ž* * 0.
Lemma 1.2 tells us that there are two conjugacy classes of S 's in4
Ž .GL F ; the ``point-S 's'' and the ``line-S 's.'' We next describe a particular3 4 4
Ž . 2point-S . For a g GF 4 let u s ax q a y q z. Then the u sum to zero4 a a
Ã 3and span V. Let G consist of all endomorphisms of V s F which induce
Ãendomorphisms of V permuting the u . Evidently G is isomorphic to S .a 4
The common zeros of the u q u are a 1-dimensional subspace of Va b
stabilized by G, so G is a point-S . Let H be the normal subgroup of G of4
order 4. We easily see:
Ž . Ž 2 .LEMMA 1.3. H consists of the maps x, y, z “ x, y, ax q a y q z with
4 Ž . Ž 2 .a s a. G is generated by H together with the maps x, y, z “ ax, a y, z ,
3 Ž . Ž .a s 1, and x, y, z “ y, x, z .
THEOREM 1.4. E¤ery G-quartic is a linear combination of x 2 y2 and
4 2 Ž 3 3.P s Łu s z q xyz q x q y z. Consequently e¤ery non-degenerate G-a
quartic is a constant multiple of g s a x 2 y2 q P for some a / 0.a
Proof. Since P s Łu , it is fixed by G; Lemma 1.3 shows that G alsoa
Ž . Ž 2 .fixes xy. Let g be a G-quartic. Since g is fixed by x, y, z “ ax, a y, z ,
a3 s 1, it is a linear combination of x 2 y2, xyz 2, x 3z, y3z, and z 4. Modify-
ing g by a multiple of x 2 y2 we may assume it is divisible by z. Then it is
divisible by each u and is a multiple of P; the last assertion is clear.a
We shall make frequent use of a polynomial identity involving powers
of P.
DEFINITION 1.5. Let q G 4 be a power of 2.
Ž . Ž . i j q0 Ž .1 S q s Ý x y P , the sum extending over all triples i, j, q with0
Ž . Žq dividing qr8, i q j q 4q s q, and i ’ j 12 q when q s 4 the sum is0 0 0
Ž . .empty, so S 4 s 0 .
Ž . Ž . i j k Ž .2 R q s Ý x y z , the sum extending over all triples i, j, k with
Ž .k s 1 or 2, i q j q k s q, and i ’ j 3 .
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Ž . Ž .2 Ž . Ž .2LEMMA 1.6. If q G 8 then S q q S qr2 and R q q R qr2 are
i j Ž .both equal to P ? Ý x y where the sum extends o¤er all pairs i, j with
Ž .i q j s q y 4 and i ’ j 12 .
Ž .Proof. If i, j, q satisfies the conditions of Definition 1.5 then i q j0
and i y j are both divisible by 4. So i and j are even; it follows easily that
Ž . Ž .2the terms with q / 1 in the sum defining S q add up to S qr2 . Since0
the terms with q s 1 add up to P ? Ý x i y j we get the first assertion. To0
Ž . Ž .2 i j 4 2 Ž 3show that R q q R qr2 s P ? Ý x y we write P s z q xyz q x q
3. 2 4y z and evaluate the coefficients of z, z , and z on both sides; this is
easy.
qr4 q Ž . Ž .THEOREM 1.7. P s z q S q q R q .
Ž . Ž . 2 3 3Proof. When q s 4, S q s 0, and R q s xyz q x z q y z. When
Ž . Ž . Ž Ž . Ž ..2q G 8, Lemma 1.6 shows that S q q R q s S qr2 q R qr2 , and
induction gives the result.
w xDEFINITION 1.8. Fix q G 4. O is the graded F-algebra F x, y, z r
Ž q q q.x , y , z .
Ž . GSince q is a power of 2, GL F and its subgroup G act on O. Let O3
and O H be the fixed subrings of O under the action of G and H. We shall
Ž . Ž .think of R s R q and S s S q as elements of O , the degree q compo-q
nent of the graded ring O.
THEOREM 1.9. R and S are both in OG. Furthermore P qr4 s S q R andq
x 3R s y3R.
Ž . Ž .Proof. Lemma 1.3 and the definition of S q show that S q is left
fixed by each s in G. So S is in OG; Theorem 1.7 tells us thatq
P qr4 s S q R in O and we conclude that R is in OG. The last assertion isq q
easily checked.
Now fix q G 4 and a / 0 in F, and let g s g . Then g g O H; let Na
Ž H . Ž H .resp. N be the graded ideal of O resp. O consisting of elements
Ž .annihilated by g. To determine the e g we must calculate dim N. Wen
approach this by studying N H, and in particular the homogeneous piece
N H of N H.Ž3qr2.y5
The strategy of our paper runs as follows. In Section 2 we attach to each
w xq and a a matrix M q, a with q rows and columns, and determine the
w x w xnullity, N q, a , of M q, a by an inductive argument, making use of
elementary row and column transformations. In Section 3 we work in O H
Ž .this ring contains not only g but x, y, P, and R and use the identity of
H w xTheorem 1.9 to show that dim N lies between 2 N qr4, a y 3 andŽ3qr2.y5
w x2 N qr4, a . In Section 4 we exploit this estimate. On the one hand it
H Ž . mŽa .q1shows that N / 0 provided q G 2 , and this leads to a sharpŽ3qr2.y5
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Ž .lower bound for the e g . But it also can be used to give a good uppern
H Ž .bound, first for dim N and then for dim N , provided i F 3qr2 y 4.i i
Ž .Letting q “ ‘ we are led to a sharp upper bound for c g , and the
Ž .calculation of the e g is then not difficult.n
2
Suppose q s 2 n with n G 0 and a g F. If 0 F i, j F q y 1, let m si, j
Ýa q0 , the sum extending over all q ) 0 such that q divides q and 3q0 0 0
Ž .divides i y j when there are no such q , m s 0 .0 i, j
w x w xDEFINITION 2.1. M q, a is the above matrix, m . N q, a is thei, j
w xnullity of M q, a .
w xOur goal in this section is to calculate N q, a . Note that m s 0 ifi, j
Ž . Ž . Ž .i k j 3 , and that m only depends on ord i y j if i ’ j 3 . Thisi, j 2
suggests looking at arbitrary matrices with these properties.
Ž .DEFINITION 2.2. Suppose n G 1. Let t and x 0 F i F n y 2 be in F.i
Ž . nThen M t, x , . . . , x is the matrix below, with 2 rows and columns,0 ny2
Ž .and N t, x , . . . , x is the nullity of this matrix.0 ny2
Ž . Ž .1 m s 0 if i k j 3 .i, j
Ž . Ž . Ž . Ž2 m s x with k s ord i y j if i ’ j 3 , i / j. Note thati, j k 2
Ž . ny1 .i y j r3 - 2 , so that 0 F k F n y 2.
Ž .3 m s t.i, i
Ž .LEMMA 2.3. Suppose n G 2 and t / x . Then N t, x , . . . , x sny2 0 ny2
Ž .N t, x , . . . , x .0 ny3
Ž .Proof. The matrix M t, x , . . . , x has the form0 ny2
M A M2 3
B M B1 0M A M3 2
Ž . Ž .where M s M t, x , . . . , x and M q M s t q x I. Elementary1 0 ny3 2 3 ny2
row and column transformations take this to
M A M q M2 2 3
B M 0 ,1 0M q M 0 02 3
a matrix with the same nullity as M .1
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Ž .THEOREM 2.4. Suppose t / any x . Then if t / 0, N t, x , . . . , x s 0,i 0 ny2
Ž .while if t s 0, N t, x , . . . , x s 2.0 ny2
Proof. When n s 1 this is clear. In general use Lemma 2.3 and
induction.
LEMMA 2.5. Suppose n G 3. Let U be the matrix with 2 ny2 rows and
Ž .columns defined as follows. If i / j then u s x with k s ord i y j , whilei, j k 2
u s t. Then U is non-singular pro¤ided t / x .i, i ny3
A B Ž .Proof. U has the form where A q B s t q x I. Elementaryny3ž /B A
A A q Btransformations take this to .ž /A q B 0
THEOREM 2.6. Suppose t s x for some i; choose i as large as possible.i
Then:
Ž . Ž .1 If i s 0 and t / 0, N t, x , . . . , x s 1.0 ny2
Ž . Ž . i2 If i ) 0 and t / x , N t, x , . . . , x s 2 .iy1 0 ny2
Proof. Clearly n G i q 2. In view of Lemma 2.3 we may assume n s i
Ž . Ž .q 2. Suppose first that i s 0, n s 2. Then M t, x s M t, t has nullity 1.0
When i ) 0, n G 3, and as in Lemma 2.3 we see that elementary transfor-
Ž .mations take M t, x , . . . , x into0 ny2
M A 02
.B M 01 0
0 0 0
M A2So it suffices to show that is non-singular. Now this matrix is
B Mž /1
Ž . ny2obtained from M t, x , . . . , x by only looking at the first 3 ? 2 rows0 ny2
and columns. If we renumber the rows and columns by looking first at the
Ž . Ž . Ž .indices ’ 0 3 , then at those ’ 1 3 , and finally at those ’ 2 3 we get
the matrix
U 0 0
0 U 0 00 0 U
with U as in Lemma 2.5. Since t / x , Lemma 2.5 gives the desiredny3
result.
Ž .DEFINITION 2.7. m a is the smallest positive integer m such that
my 1 2 i Ž Ž . .Ý a s 0. If no such m exists we say that m a s ‘.0
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2 my1 2 i 2 m Ž .Remark. Write a s l q l. Then Ý a s l q l. So m a is the0
Ž .degree of l over Zr2, and we recover the definition of m a given in the
Introduction.
Ž .THEOREM 2.8. Suppose a / 0 and m s m a . Then:
Ž . w x my 11 N q, a s 0 if q - 2 .
Ž . w x my 12 N q, a s 2 if q s 2 .
Ž . w x m m3 N q, a s qr2 if q G 2 .
my 1 w xProof. When q s 1, q - 2 and N q, a s 0. When q G 2 write
n k 2 i w x w xq s 2 and let x s Ý a . Then N q, a s N x , x , . . . , x . Further-k 0 n 0 ny2
Ž .more x s x if and only if n ’ k m , and x s 0 if and only if n ’n k n
Ž . Ž . Ž .y1 m . If n F m y 1, Theorem 2.4 now gives 1 and 2 , while if n G m
we can apply Theorem 2.6 with i s n y m.
3
Fix q G 4 and a / 0 in F. At the end of Section 1 we introduced a
space N H . In this section we show that dim N H lies betweenŽ3qr2.y5 Ž3 qr2.y5
w x w x2 N qr4, a y 3 and 2 N qr4, a . Theorem 2.8 will then give:
Ž .THEOREM 3.1. Let m s m a . Then:
Ž . mq 1 H Ž .1 If q - 2 , N s 0 .Ž3qr2.y5
Ž . mq 1 H Ž .2 If q s 2 , N / 0 .Ž3qr2.y5
Ž . mq 1 H mq13 If q ) 2 , dim N F qr2 .Ž3qr2.y5
N H is the kernel of the multiplication by g s g map O H “Ž3qr2.y5 a Ž3 qr2.y5
O H . We begin by replacing each of these spaces by a subquotient.Ž3qr2.y1
DEFINITION 3.2. W is the subspace of O H spanned by the x i y jP kŽ3 qr2.y5
Ž . Ž .with i, j - q, k F qr4 y 1, and i q j q 4k s 3qr2 y 5.
DEFINITION 3.3. W ; W is spanned by the x i y jP k with i, j - q, k F0
Ž . Ž .qr4 y 2, and i q j q 4k s 3qr2 y 5.
Ž . HDEFINITION 3.4. a D is the subspace of O spanned by theŽ3qr2.y1
Žqr2.y1 Žqr2.y2 Žqr2.y3 2 Žthree elements x R, x yR, and x y R. When q s 4,
.R s P and we take D to be spanned by xP and yP.
Ž . H i j kb W9 ; O is spanned by the x y P with i, j - q, k FŽ3qr2.y1
Ž . Ž .qr4 y 1, and i q j q 4k s 3qr2 y 1, together with D.
THEOREM 3.5. g ? W ; W9.
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Proof. Since x 2 y2W ; W9 it's enough to prove that P ? W ; W9, and
i j qr4 Ž .we need only show that x y P is in W9 whenever i q j s qr2 y 1.
Now P qr4 s S q R, and the definition of S shows that x i y jS is in W9.
Since x 3R s y3R, each x i y jR is in D.
DEFINITION 3.6. Let u / 0 be in O for some k. Then u is a lineark
combination of degree k monomials each having degree - q in each of x,
Ž . ly, and z, and we may expand u in descending powers of z; u s A x, y ? z
q . . . .
The ``z-degree'' of u is l.
Ž . lThe ``leading term'' of u is A x, y z .
Remark. If u g O have linearly independent leading terms then thei k
u themselves are linearly independent. If i and j are - q while k Fi
Ž . i j k i j 4 kqr4 y 1 the leading term of x y P is x y z ; furthermore the leading
i j 2 Ž .term of R is Ý x y z , the sum extending over all i and j with i ’ j 3 and
Ž .i q j s q y 2. It follows that the generators of W resp. W9 given in
Ž .Definition 3.2 resp. 3.4 are a basis.
LEMMA 3.7. E¤ery u / 0 in W has z-degree - q y 4. E¤ery u / 0 in0
Ž .W9 has z-degree equal to 2 or ’ 0 4 .
Proof. Write u as a linear combination of the generators of W or W90
given in the definitions, and compare leading terms.
H Ž .LEMMA 3.8. The z-degree of any u / 0 in O is either ’ 0 4 orŽ3qr2.y5
- q y 4.
Ž . l Ž . ly1 3Proof. u s A x, y z q B x, y z q . . . . Take a / 1 in F with a s
1, and note that the maps z “ z q ax q a2 y and z “ z q a2 x q ay fix u.
Suppose that l s q y 1 or l s q y 3. A comparison of the coefficients of
z ly1 in u and in its transforms under the above maps shows that ax q a2 y
2 w x Ž q q.and a x q ay annihilate A in F x, y r x , y . So x and y annihilate A,
qy1 qy1 Ž . Ž .x y divides A, and deg u G 2 q y 2 q q y 3 , a contradiction.
Suppose next that l s q y 2. Comparing the coefficients of z ly2 in u and
Ž 2 .2 Ž 2 . Ž 2 .2its transforms we find that ax q a y A q ax q a y B and a x q ay A
Ž 2 . w x Ž q q.q a x q ay B both vanish in F x, y r x , y . Then A is annihilated in
Ž 2 .2Ž 2 . Ž 2 .Ž 2 .2 3 3this ring by ax q a y a x q ay q ax q a y a x q ay s x q y . It
Ž . Žfollows that the degree of A is G q y 2 and that deg u G q y 2 q q y
.2 , a contradiction.
THEOREM 3.9. If u g O H and gu g W9 then u g W. In particularŽ3qr2.y5
N H ; W.Ž3qr2.y5
Proof. When q s 4, W being spanned by x and y is all of O H and1
there is nothing to prove. Suppose q G 8. We argue by induction on the
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Ž . 4z-degree, l, of u. Suppose l k 0 4 . Since q G 8, g s z q ??? and Lemma
3.8 tells us that the z-degree of gu is l q 4, contradicting the second part
Ž . 4 kof Lemma 3.7. Suppose finally that l s 4k so that u s A x, y z q ???
Modifying u by an F-linear combination of the x i y jP k we get a ¤ of
Ž .smaller z-degree. Since g ¤ y u g gW ; W9, g¤ like gu is in W9. By
induction ¤ is in W, and the same holds for u.
THEOREM 3.10. The map WrW “ W9rgW induced by multiplication0 0
by g has kernel isomorphic to N H .Ž3qr2.y5
Proof. Since N H ; W, the kernel of the map identifies withŽ3qr2.y5
Ž H . Ž . 4N q W rW .When q s 4, W s 0 , and when q G 8, g s zŽ3qr2.y5 0 0 0
Ž .q . . . , and the first part of Lemma 3.7 then tells us that N l W s 0 .0
Ž . i qr2yŽ iq1. Žqr4.y1THEOREM 3.11. For 0 F i F qr2 y 1 let E s x y P ,i
i qr2yŽ iq1.Ž qr2 qr2 .and F s x y x y . Then the E are a basis of WrW and thei i 0
Ž .F are a basis of W9r gW q D .i 0
Proof. The result for WrW follows from the fact that the generators0
of W given in Definition 3.2 are linearly independent. Now let u be ther
generators of W given in Definition 3.3. The leading terms of the gu are0 r
i j 4 k Ž .just the x y z with i, j - q and 1 F k F qr4 y 1. It follows that the
gu , the F , and the generators of D have linearly independent leadingr i
terms and thus are linearly independent. Looking at leading terms again
we see that these elements span W9, and the theorem follows.
Ž .We shall now write down the matrix of the map WrW “ W9r gW q D0 0
induced by multiplication by g, with respect to the bases of Theorem 3.11,
w xand show that the nullity of this map is 2 N qr4, a . Since dim D F 3,
Theorem 3.10 then gives the desired estimate for dim N H .Ž3qr2.y5
Ž .LEMMA 3.12. Suppose 0 F k F qr2 y 1 and q di¤ides qr8. Let S*0
i j Ž .be the sum of all x y with i q j s q, i ’ j 12 q , i G 2 q , and j G 2 q .0 0 0
k qr2yŽkq1.Ž .Then, in O, x y S* s Ý F .l ’ kŽ6 q . l0
i j Ž .Proof. Suppose x y appears in S*. Then i s qr2 q 6 sq , for some0
k qr2-Žkq1.Ž i j. Ž .integer s, and x y x y s F if 0 F k q 6 sq F qr2 y 1kq6 sq 00
k qr2yŽkq1.Ž .and is 0 in O otherwise. So x y S* is a sum of F withl
Ž .l ’ k 6q , and it remains to show that we get all such F . Let s be an0 l
Ž .integer satisfying the inequalities 0 F k q 6 sq F qr2 y 1. Then s lies0
Ž . < <between ykr6q and q y 2k y 2 r12 q . So s F qr12 q . Since s is an0 0 0
< < Ž . < < Ž . Ž .integer, s F qr12 q y 1r3, and 6 sq F qr2 y 2 q . Then qr2 q0 0 0
Ž . Žqr2.q6 sq0 Žqr2.y6 sq06 sq and qr2 y 6 sq are each G 2 q , the term x y0 0 0
k Žqr2.yŽkq1.Ž .appears in S* and F appears in x y S* .kq6 sq0
THEOREM 3.13. The image of E under the multiplication by g mapk
Ž . qr4 q0WrW “ W9r gW q D is a F q Ýa F where the sum extends o¤er0 0 k l
Ž . Ž .all pairs q , l with q di¤iding qr8 and l ’ k 6q .0 0 0
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Proof. E s x k y Žqr2.yŽkq1.P Žqr4.y1. Since P qr4 s R q S, the image ofk
k Žqr2.yŽkq1. Ž 2 2 . Žqr4.y1 k Žqr2.yŽkq1. i j rE is x y ? a x y ? P q x y ? S. Now if x y Pk
Ž . i j r i jŽ 2 2 . ry1is in W9 with r F qr4 y 1, then x y P s x y a x y ? P in
Ž . i j r i jŽ 2 2 . rW9r gW q D . Repeating we find that x y P s x y a x y in0
Ž .W9r gW q D , and in particular that0
x k y Žqr2.yŽkq1. ? a x 2 y2 ? P Žqr4.y1Ž .
Ž .qr4k Žqr2.yŽkq1. 2 2 Žqr4.s x y a x y s a ? F .Ž . k
Furthermore x k y Žqr2.yŽkq1. ? S is a sum of terms, one for each q0
k Žqr2.yŽkq1. Ž i j.dividing qr8. The contribution from a fixed q is x y ? Ý x y ?0
P q0 where the sum extends over all i and j with i q j s q y 4q0
Ž . Ž . q0 k Žqr2.yŽkq1.and i ’ j 12 q . In W9r gW q D this is equal to a x y0 0
iq2 q0 jq2 q0 Ž . Ž .Ý x y . Now i q 2 q q j q 2 q s q and i q 2 q ’ j q 2 q0 0 0 0
modulo 12 q . So Ý x iq2 q0 y jq2 q0 is just Ý* in the notation of Lemma 3.12,0
and we conclude from that lemma that the contribution from our q is0
a q0Ý F , completing the proof.l ’ kŽ6 q . l0
Ž .THEOREM 3.14. The nullity of the map WrW “ W9r gW q D in-0 0
w xduced by multiplication by g s g is 2 N qr4, a .a
Proof. Let X be the subspace of WrW spanned by the E , 0 F i F0 0 2 i
Ž .qr4 y 1, and X the subspace spanned by the E . Define subspaces1 2 iq1
Ž .Y and Y of W9r gW q D similarly with E replaced by F . By Theorem0 1 0 i i
3.13, g ? X ; Y and g ? X ; Y . So the nullity of our map is the sum of0 0 1 1
the nullities of the induced maps X “ Y and X “ Y . But Theorem0 0 1 1
3.13 shows that the matrix representing each of these induced maps is the
w xmatrix M qr4, a .
Combining Theorems 3.10 and 3.14 we find that dim N H liesŽ3qr2.y5
w x w x w xbetween 2 N qr4, a y 3 and 2 N qr4, a . The calculation of N qr4, a
given in Theorem 2.8 completes the proof of Theorem 3.1.
4
Ž . w xWe begin with some general facts about e h where h g F x, y, z is ann
arbitrary quartic.
w x Ž q q q.LEMMA 4.1. Suppose q G 2, O s F x, y, z r x , y , z , and w : O “i i
O is the multiplication by h map. Let N and C be the kernel and cokerneliq4 i i
of w . Theni
Ž .3qr2 y4
2dim OrhO s 3q y 4 q 2 dim N .Ž . Ž . Ý i
0
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Ž . 3qy7 Ž3 qr2.y4 3qy7Proof. dim OrhO s Ý dim C s Ý q Ý . By dual-y4 i y4 Ž3 qr2.y3
ity, the second sum is ÝŽ3qr2.y4 dim N . Set a s dim O ; when i - 0,0 i i i
2 Ž .a s 0. An easy calculation shows that a s 3q r4 when i s 3qr2 y 1 ori i
Ž . Ž 2 . Ž .3qr2 y 2 and a s 3q r4 y 2 when i s 3qr2 or 3qr2 y 3. Now thei
Ž . Ž3qr2.y4 Ž .first sum in the formula for dim OrhO is Ý a y a q dim N .y4 iq4 i i
Ž . Ž3qr2.y4 Ž . Ž3qr2.y4It follows that dim OrhO s Ý a y a q 2Ý dim N .y4 iq4 i 0 i
Ž . Ž 2 . Ž 2 . Ž 2 .But Ý a y a telescopes into 3q r4 q 3q r4 q 3q r4 y 2 qiq4 i
Ž 2 . 23q r4 y 2 s 3q y 4.
n Ž . nCOROLLARY 4.2. If q s 2 with n G 1 then e h G 3 ? 4 y 4. Equalityn
Ž .holds if and only if N s 0 .Ž3qr2.y4
Ž . 2 Ž .Proof. Suppose e h ) 3q y 4. By Lemma 4.1, N / 0 for somen i
Ž . Ž .i F 3qr2 y 4. Suppose i - 3qr2 y 4. Take u / 0 in N . Then xu, yu,i
Ž .and zu cannot all be zero. So N / 0 , and continuing we find thatiq1
Ž .N / 0 . The converse comes from Lemma 4.1.Ž3qr2.y4
Ž . n Ž .COROLLARY 4.3. If for some n G 1, e h ) 3 ? 4 y 4 then e h ) 3n nq1
? 4nq1 y 4.
Proof. When n s 1, Corollary 4.2 shows that the hypothesis cannot be
satisfied. Suppose n ) 1; set q s 2 nq1 and define O and N as in Lemmai
Ž1. w x Ž qr2 qr2 qr2 . Ž1.4.1. Let O s F x, y, z r x , y , z , and N be the kernel of thei
multiplication by h map OŽ1. “ OŽ1. . By Corollary 4.2 there is a u / 0 ini iq4
Ž1. 2 Ž .N . Then u may be viewed as a non-zero element of O of degreeŽ3qr4.y4
Ž . 2 23qr2 y 8. Since h annihilates u, h annihilates u . So there is a
Ž . Ž .non-zero element of O, of degree 3qr2 y 8 or 3qr2 y 4, annihilated
by h, and we apply Lemma 4.1.
Ž . Ž .LEMMA 4.4. For all n, e h G 4e h .nq1 n
Proof. This holds for homogeneous h of any degree; see the last
w xsection of 2 for a proof.
LEMMA 4.5. Let L be a non-zero linear form in x, y, and z that does not
di¤ide h. If u / 0 is in N with i F 2 q y 6, then L ? u / 0.i
Proof. We may assume that L s b x q b y q z. Suppose that L as1 2
well as h annihilates u. Then there is a non-zero form in x and y of
Ž .degree 4, h x, y, b x q b y , annihilating u. Factoring this form into linear1 2
factors we find there is a ¤ / 0 of degree F 2 q y 3 annihilated not only
by L but by a linear form in x and y. But no element of O of degree
Ž- 2 q y 2 can be annihilated by two linearly independent forms. Make a
.change of variable to take the forms into x and y.
Ž .We return to the special case h s g s g , a / 0. Let m s m a . Wea
assume for now that a is algebraic over Zr2 so that m - ‘.
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Ž . n nymLEMMA 4.6. If n ) m, e g G 3 ? 4 q 4 .n
Proof. In view of Lemma 4.4 it suffices to show that e G 3 ? 4mq 1mq1
mq 1 Ž .q 4. Set q s 2 . By Theorem 3.1 2 there is some u / 0 in N .Ž3qr2.y5
Lemma 4.5 shows that xu, yu, and zu are linearly independent elements of
Ž 2 . Ž .N . Lemma 4.1 then tells us that e G 3q y 4 q 2 1 q 3 .Ž3qr2.y4 mq1
Getting equality in Lemma 4.6 is more difficult; we shall accomplish this
Ž . ym mqrby showing that c g F 3 q 4 . Let q s 2 with r G 1.
H Ž .ry 1LEMMA 4.7. N / 0 .Ž3qr2.y4y2
Ž .Proof. We argue by induction on r, r s 1 being 2 of Theorem 3.1.
Ž1. w x Ž qr2 qr2 qr2 .Suppose r ) 1. Let O s F x, y, z r x , y , z . By induction there
is a u / 0 in OŽ1. ry 2 annihilated by g and fixed by H. Then u2 mayŽ3qr4.y4y2
be viewed as a non-zero element of O H ry 1 annihilated by g 2. IfŽ3qr2.y8y2
gu2 / 0 we are done. If gu2 s 0 then x 4 u2 g N H ry 1 and is non-zeroŽ3qr2.y4y2
by Lemma 4.5.
LEMMA 4.8. Choose u / 0 in N H ry 1. Suppose that s F 2 ry1.Ž3qr2.y4y2
Then the x i y ju with i q j s s are linearly independent.
Proof. If the lemma fails, u is annihilated by some non-zero form of
degree F 2 ry1 in x and y. Factoring this form into linear factors we find
Ž .that there is a ¤ / 0 in N, of degree F 3qr2 y 5, annihilated by a
linear form. This contradicts Lemma 4.5.
LEMMA 4.9. Suppose that q s 2 mq r with r G 2. Choose u as in Lemma
4.8. Then if 0 F s F 2 ry1 y 1, the x i y ju with i q j s s are a basis of
H H Ž .ry 1N . Furthermore N s 0 for i - deg u.Ž3qr2.qsy4y2 i
Proof. We argue by descending induction on s. When s s 2 ry1 y 1 we
Ž .combine Lemma 4.8 with the dimension estimate of Theorem 3.1 3 to get
the result. Suppose s - 2 ry1 y 1. In view of Lemma 4.8 it's enough to
show that the x i y ju with i q j s s span. So suppose ¤ g N H ry 1.Ž3qr2.qsy4y2
By induction ¤ s y¤ and ¤ s x¤ are linear combinations of x i y ju with1 2
i q j s s q 1. Furthermore x¤ s y¤ . Since s q 2 F 2 ry1, the x i y ju with1 2
i q j s s q 2 are linearly independent, and it follows that there is a linear
combination w of the x i y ju, i q j s s q 1, so that ¤ s yw and ¤ s xw.1 2
Ž .Then x and y annihilate ¤ y w; since deg ¤ y w is - 2 q y 2, ¤ s w.
The final assertion is proved by descending induction on i. Suppose first
Ž . H Hthat i s deg u y 1. If ¤ g N , x¤ and y¤ are in N , and by what we'vei iq1
proved, x¤ s b u, y¤ s b u. Then b y q b x annihilates u, so by Lemma1 2 1 2
4.8, b s b s 0. So x¤ s y¤ s 0 and ¤ s 0. Suppose finally that ¤ g N H1 2 i
with i - deg u y 1. By induction x¤ s y¤ s 0, and ¤ s 0.
Ž . Ž .We shall use Lemma 4.9 to bound dim N for i F 3qr2 y 4.i
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LEMMA 4.10. Let H be a finite p-group of linear transformations of a
finite-dimensional ¤ector space V o¤er a field of characteristic p. Then
< < Hdim V F H ? dim V .
< < < <Proof. We argue by induction on H . Suppose H ) 1; let N be a
normal subgroup of H of index p and W s V N. By induction dim V F py1
< <? H dim W. Choose an element of H representing a generator of HrN
H Žand let s be the restriction of this generator to W. Then V s kernel s
. Ž . p p Ž .y I . Now s y I s s y I s 0. So dim W F p ? dim kernel s y I s
p ? dim V H, giving the lemma.
LEMMA 4.11. Suppose q s 2 mq r with r G 2. Then:
Ž . Ž . ry1 Ž .a If i - 3qr2 y 4 y 2 , N s 0 .i
Ž . ry1 Ž . ry1b Suppose 0 F s F 2 . Set i s 3qr2 q s y 4 y 2 . If s -
2 ry1, dim N F 4 s q 4, while if s s 2 ry1, dim N F 4 s q 12.i i
Ž . Ž .Proof. Part a and the first part of b follow from Lemmas 4.9 and
4.10 if we take V to be N . In particular the kernel of the multiplication byi
Ž ry1.g map O “ O has dimension F 4 2 . By duality, theŽ3qr2.y5 Ž3 qr2.y1
cokernel of the multiplication by g map O “ O has dimen-Ž3qr2.y2 Ž3 qr2.q2
Ž ry1.sion F 4 2 , and it follows easily that the dimension of the kernel,
Ž ry1.N , is F 4 2 q 12. But Lemma 4.5 shows that multiplication byŽ3qr2.y2
x 2 maps N 1 y 1 into NŽ3qr2.y4 Ž3 qr2.y2.
mq r Ž .LEMMA 4.12. Suppose q s 2 with r G 2. Then dim OrgO F
Ž 2 . Ž r .Ž r .3q q 12 q 2 q 2 2 q 4 .
Ž . Ž 2 .Proof. Lemmas 4.1 and 4.11 tell us that dim OrgO F 3q y 4 q
2 ry 1 Ž . Ž ry1 . Ž 2 . 2 ry 1q1 Ž .2Ý 4 i q 2 ? 4 ? 2 q 12 s 3q q 12 q 2Ý 4 i .1 1
Ž . ymTHEOREM 4.13. Suppose a is algebraic o¤er Zr2. Then c g s 3 q 4a
Ž .where m s m a .
Ž . mq rProof. If r G 2, Lemma 4.12 shows that e g F 3 ? 4 q 12 qmq r
Ž r .Ž r . mq r Ž .2 q 2 2 q 4 . Dividing by 4 and letting r “ ‘ we find that c g F
3 q 4ym . The opposite inequality comes from Lemma 4.6.
Ž . n nymTHEOREM 4.14. If n ) m, e g s 3 ? 4 q 4 .n
Ž . n nymProof. We have already seen that e g G 3 ? 4 q 4 . Suppose thatn
Ž .strict inequality holds for some n. Then Lemma 4.4 shows that c g ) 3 q
4ym , contradicting Theorem 4.13.
Ž . nWe conclude this paper by showing that e g s 3 ? 4 y 4 if 1 F n F m.n
Suppose first that a is algebraic, so that m - ‘.
LEMMA 4.15. Let q s 2 mq 1. Then N is generated by a singleŽ3qr2.y5
element u, and xu, yu, zu are a basis of N .Ž3qr2.y4
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Proof. The proof of Lemma 4.6 shows that there is a non-zero u in
N , and that xu, yu, zu are linearly independent. FurthermoreŽ3qr2.y5
Ž . 2Theorem 4.14 with n s m q 1 tells us that dim OrgO F 3q q 4. Lemma
4.1 gives the desired result.
LEMMA 4.16. In the situation of Lemma 4.15, u has z-degree q y 4.
Furthermore if w is an F-linear combination of xu and yu then some
monomial x i y j z qy4 with i and j odd appears in w.
Proof. G acts on N . Since this space is 1-dimensional and theŽ3qr2.y5
only homomorphism from S to F* is the trivial map, the elements of G4
Ž .fix u. Theorem 3.8 then shows that the z-degree of u is either ’ 0 4 or
- q y 4. Since g s z 4 q . . . annihilates u, the z-degree is G q y 4, and
i j qy4 Ž .can only be q y 4. Let x y z , i q j s qr2 y 1, be a monomial of
highest z-degree appearing in u. Since u is left fixed by the map x “ y,
y “ x, x j y iz qy4 also appears in u. So we may without loss of generality
assume that i is even and j odd. Then x iq1 y jz qy4 appears in xu while
x j y iq1z qy4 appears in yu. Choose a / 1 in F with a3 s 1. Since u is left
fixed by the map x “ ax, y “ a2 y, each monomial in xu gets multiplied
by a, each monomial in yu by a2, and there is no monomial common to xu
and yu. It follows that either x iq1 y jz qy4 or x j y iq1z qy4 appears in w,
completing the proof.
Ž . mLEMMA 4.17. e g s 3 ? 4 y 4.m
mq1 w x Ž q q q . Ž1.Proof. Let q s 2 , O s F x, y, z r x , y , z and O s
w x Ž qr2 qr2 qr2 . Ž1.F x, y, z r x , y , z . Let N and N be the kernels of the multi-i i
plication by g maps O “ O and OŽ1. “ OŽ1. . By Corollary 4.2 iti iq4 i iq4
Ž1. Ž .suffices to show that N s 0 . Suppose this is false. Then LemmaŽ3qr2.y4
4.10 shows that there is a ¤ / 0 in this space, fixed by all elements of H.
Ž . Ž .We claim that the z-degree of ¤ is qr2 y 4. When qr2 s 4 this is
easy, since every H-invariant element of OŽ1. is a linear combination of x 2,2
2 Ž .xy, and y . Suppose qr2 ) 4. Then the argument of Lemma 3.8 shows
Ž . Ž .that the z-degree of ¤ is ’ 0 4 or - qr2 y 4. Since g s
4 Ž .z q . . . annihilates ¤ , the z-degree is G qr2 y 4, and can only be
Ž .qr2 y 4.
Now ¤ 2 may be viewed as a non-zero element of O . SinceŽ3qr2.y8
Ž . 2 2 2N s 0 , g does not annihilate ¤ , though g does. Then g¤ is aŽ3qr2.y8
Ž .non-zero element of N . Since the leading term of ¤ is A x, y ?Ž3qr2.y4
Žqr2.y4 2 Ž .2 qy4z , the leading term of g¤ is A x, y ? z . Now by Lemma 4.15,
g¤ 2 is a linear combination of xu, yu, and zu. Since u has z-degree q y 4,
g¤ 2 is a linear combination of xu and yu. So some monomial x i y j z qy4
with i and j odd appears in g¤ 2, contradicting the fact that the leading
Ž .2 qy4term is A x, y ? z .
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Ž . nTHEOREM 4.18. For 1 F n F m, e g s 3 ? 4 y 4.n
Proof. By Corollary 4.2 it suffices to show that e F 3 ? 4n y 4. Whenn
a is algebraic, m - ‘, and we argue by descending induction on n, using
Lemma 4.17 to handle n s m, and Corollary 4.3 to provide the induction
step. Suppose finally that t is transcendental over Zr2. Choose a alge-
Ž . Ž . nbraic with m a ) n. Then e g s 3 ? 4 y 4. Since e cannot decreasen a n
Ž . nunder a specialization of g, e g s 3 ? 4 y 4 as well.n t
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